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Abstract

We consider the maximum likelihood estimator of the unknown parameter in a class of multi-
dimensional diffusion processes. We obtain a precised bound for the error of this estimator, which
tends to 0 exponentially fast.
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1 Introduction

Diffusion processes play important roles in the study of mathematical finance and other applications.
In those applications we need to identify the models with unknown parameters (see P.Rao [5]). In
this paper, we consider the maximum likelihood estimator of the unknown in the following d-
dimensional diffusion process

dXip = dWiz + pi( Xy, t,0)dt, (i=1,..4d) (L.1)

where 0 is the an unknown parameter and W; is a d-dimensional standard Wiener processes.
Without losing generality we assume that # € © where © is a hypercube in R? with radius less
than Kj.

We assume that the realized sample z; of (X;, 0 <t < T') can be observed continuously in this
paper for simplicity.

Our result is more than a multi-dimensional extension of the previous results. In one dimensional
case, we extend J.P.N. Bishwal’s well-known result [1] by lifting his monotonity condition imposed
on % o (see the Remark in [6]), and we extend [6] by lifting the boundedness assumption imposed
on u. Our conditions are

(i) |,u(x, i, 91) - :u(xv i, 92)| < K1|01 - 02|’ |,u(x, l1, 9) - M(xa l2, 0)| < K2|t1 - t2| and |/1'(x1a t, 0) -
pu(xa, t,0)| < Kolry — x9] , where K and K, are constants;
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(ii) Denote by B(x, €) the ball centered at 2 with radius e. There are positive constants K3 < 23
and K4 <1 such that Ve < K3 and V6,605 € O,

/X{zeB(:v,e); In(et0) pt0y)l 5 447 2 Ky vz (1.2)

161 —03]

2 Main Results

Denote by Py the Wiener measure on C[0,T] and by P} = Px, |9 the probability measure induced
by the coordinate process { X! }i<7 for the given #. Then by Girsanov’s theorem

APy 1y
dl)’(vi —exp{Z/ i (X, t,0)d X, — Z/ 12(X,t,0)dt}

We take the continuous version of the above random field in (6, T);
The maximum likelihood estimator (MLE) of 6 is denoted by 67 which is defined as in [5]

Or = arg max dPth
=9 GEE APy

From the discussion in the last section, it follows easily the existence of MLE when T is not too
small. Although we do not have the uniqueness, the result of this paper shows also that the possible
different MLEs are close together when T is not too small.

Theorem 2.1 When T > 1, we have for all 0 < r < K

[Klg}

sn.|"

Pf{lor — 6] >r} < (KIT? + KsTD) {1 - Kor?}
which tends to 0 (T' — oco), where

62\/_1(2 _
_{62\/_1(2\/%6}(1)( )exp 2\/_K2 \/7 KZI \/_Kz) ]} ,

Ky = 2d+2K [2d+1( d+1 )d+2Kd+2K (d+2) 2d+1 az., dH]dz
2(d +2)? (d+ 2)0l+2 +
and . .
1 2ta Ky d K¢K; d 1

Ko = (1A (K4Ks))(

expy — = <
2T 2 @™ T G S 2 K2
j,o s the constant of the martingale moment inequality (3.7), K5 is the Kolmogorov’s constant
in Lemma 3.2, which are all precisely computable and given in the literatures,

The statement of the above theorem is a little complicated because we want to show the precise
function relation, which is necessary in its statistical application.

We get immediately from the above theorem a simpler version

Corollary 2.2 For oll 0 < r < Ky,

.1 T4
Tlgréoflog (Pe {167 — 6] > r}) < -

1
- log(1 — Kor?)l.
dK§| g( 97|



3 Some preliminary results

Denote
dp, 9+u
My () = o (3.3)
then we have (see [5], p.46)
T 1 T 9
w) =exp{Y [ guawaWi =33 [ g2 (wde) (3.4
i i

where g; ((u) = pi(Xe, 1,0 +u) — pi( Xy, t,0).
According to ([2], p.165), when m > 1,

(1 + 6)217771

Bl|Mr ) < (D

—1)7'E[l< M >7

Take € = (2m — 1)2™ 1 we get

(14 (2m —1)2m 1)2t-m

2m] « _ 1\ymom(m—1)
B[0P < (2m — 1y L2 2 D2

—1)7'E[l< M >7 (3.5)

Lemma 3.1 Let k > 2 be an integer. Under the assumption of (i)-(ii), we have Eg[Mr] =1 and

k—

Ep[MF (u1) = Mf ()]} < 2 (S

Lyk g2k jehk 4 oh- 1k ar KFT 5wy — uolf (3.6)

: k_1.51—
where ap = (k —1)2 2%(——1)((“‘(’c 123721 272 1)~L.

Proof The first statement is from Girsanov’s theorem as g;;(u) is bounded for each fixed u.. Let

us prove the inequality. Let 01 = 6 + u1,62 = 0 + ug, and 0; ¢ = (X4, t,02) — pi( Xy, t,61). Denote
aPl 1

Vi = [722]%. Th

L= Vp = 1—expl~ / Za tdW,"; __ Zétht}
[4

where W/ is a Brownian motion under PGTI’ . By (3.5)

E01|/ th”dW" < akE(,1|/ thcs (dt]?) (3.7)
k knk T T 2 7,1k
< aku - wTEE] L [ v
k ek 1 r T k
< kit —wlT5 L [ BRIV

= akKﬂul — u2|kT%



Thus

E(IM ﬁ(ul) u2>|’“1
- ] {| 2% % 2]E|’“}
- /'[d T]}c_[de] [*dry
- Z?V— )"y
1

- /' dPT |dP"1

= gl -vrl*)

k-
= BN / Zm?tdt / ZVt”dW

< ok 1E91 ka / Zvi tdt| ZkflE;{lHE/O ZWéi,tdWi‘fHk]

< o TR — o |—/ Vidt]f] + 2 11,;16 0Ky — ua*

< 2k l(k%2 WKy — up|2FTF + 28— lklkakKl luy — us|F TS (3.8)
< 2 DRI RS — wl T 25 g Kt — ol TS,

Lemma 3.2 (Kolmogorov’s Criterion) Suppose that we are gien positive constants J, v, «a, B

and a domain © C R%. Suppose o >d and 0 < B < O‘%d. Then there is a constant Ks such that for
any random field £(6) (0 € ©)

Bl sup [661) - €0 < Kb | sup 2RO = CEIT
[01—02|<h 01— 02| <h |91 _ 02|

where Ky is a precisely computable constant depending on k, Ki, ai and d.
Proof. See [3], pp.31-35. Actually, if
E[€(61) — £(62)|" < €01 — 62| Vo1, 0,

then we get from [3] p.32:
sup  [€(61) — £(02)]" < K7R7Y
[01—02|<h
where K is a random variable, which is denoted as 4|q|(3%,_, A?V(X (w)) on p.34 of [3], such that
E[K"] is bounded by a function of &, 3 and . Thus we get the Lemma by taking the expectation
on both sides of the above inequality.



Lemma 3.3 Fork>d+1 and 8 < %’i,

1 k-1 1
By sup M (ur) - M ()} < Ks25 (S FRERPTY 4+ 24! S KT
lu1—uz|<h

SN~

Proof From Lemma 3.1,

L 1 k=1 41 k
B[ Mf () = Mf (u2))* < 247 (G FRERPTH 4 24! S KTy — s

Thus, we get the conclusion by Kolmogorov’s criterion for v = o = k.

Lemma 3.4 Under the conditions (i)-(ii),

k—2
k.?

EJ[Mf ()] < {EJ[exp{- /OTm(Xt,t,ow)—M(Xt,t,on?dt}]}% (3.9)

Proof By Holder inequality,
1
Ej [Mf: (u)]
= ffesnlr [ Y ouaWi— o [ lgw)lay
= aexpko Z_Qz,tu it 2% Jo gelu

— Eflesply [ S guadWii = 5 [ o) Pty exp{=Z55= [ lartu) )
)

k—2

< lenls [ S aatwawi o [ laPany s o222 [ ot Pany

k?

The first factor on the last line is less or equal to 1. So we get the Lemma.

Lemma 3.5 Suppose that b = (b;); is a vector field such that

b (z,t)| < e; + iz —y|, Vz

d d
= Ze%and Cco = , 253
=1 =1

and define for every ¢ >0, t >0,

for given y. Define

1 2
a1 =—= [ |z|% 2 dx.

V21 JR



Let

d
1 1, e2e2 — 1 c?
J1 = — ——= —2 1] ——
1= {6202 o exp < e? > exp [ c1 (am 5 + ) 5 ] }

Jo = {\6/220_;[1 + ¢ (C% +Pg) exp (C%)]}

where (; = q2>~ Y9 y/ary and py = q22~ /9.
Then the transition density of p(s,z;t,y) of diffusion

dX; = dWy + b(Xy, t)dt
is bounded for all |z —y| <Vt —s <1 by

and

ISH

9

Ti(t—5)7% <p(s,xit,y) < Jo(t —s)73 (3.10)

™

Proof 1) The following results (3.11) and (3.12) are from [4]. Althought [4] only treated the
homogeneous case, its proof also works for non-homogeneous case as the main method is comparison

of drifts. Denote
1 — e—2ct

o(t,c) = 5

(set o(t,0) = v/t.) Then the lower bound is given by
p(s, w3t,y) (3.11)

d e?cz(t—s) -1 C%
H h—cy(2; — yiyt —s,0) exp | —2¢1 [ a1, — 5 + |z — il E(t —s)
=1 Cz

for all ¢ > 0 and z,y, where

1 2 — e—atx. 2
ha(xiyt, z;) = mexp <—u

The upper bound is given for every ¢ > 1 we have

d 1—e¢ —2c2(t—s)
p(S,l‘;t,y) S H hCQ(mi_yiat_Sao)_’_ +Pq|mz yl
i1 2no(t — s, ¢2)

X exp ( G ok (t—:;))} (3.12)
2(q —1) '

2qo(t — s,c2)°

2) When |z; — yi| <Vt — s, we get from (3.11) and (3.12)

d
1T {h—c2( — Yi,t — s,0) exp [—201 <a1,1
i=1

e2ca(t—s) _

—I—\/t—s> — —%(t—s)] } <p(s,x5t,y)

202

1 — e—2¢c2(t—s)

d o 62
il—[l{hcz(xi—yi,t—s,o)-i- Smo(t — 5. c2) (gq T—i—pq\/t—s) exp <2(qi1)(t_s)>}

6

IA




Furthermore, when 0 <t —s <1 and g = %,

d 2c0t—s _ 1 2
[e c
H{hr:z( —yi, t — O)exp{ 2¢1 (a11 7—1- t—s —El(t—s)}}
i=1
d
2 (t—5) [ c2ea(t—s) _ 1 2 -|
> 2 t—s| — =(t—
> { 27r0(t— 5 —c2) ( Zcz(t s) Zealt—s) 1 ) exp [ c1 ( 5 + 8) 5 ( s)J
d
o22(t5) [ c2ea(t—3) _ 1 2 -|
e e 2 —— +Vi— e (A
N { 27ra(t— 8, —C2) P ( C2t—s) P [ “ ( 265 3) ( S)J
d
> e < 12>e -2 Jeoml i
X = X ala - =
- 27ra(t —8,—C2) P 2 P Lot 2¢ 2 J
d
_d 1 e [e2e2 — 1 cﬂ
> (t—s) 2 {6202 exp < 3¢ > exp —2¢; (a1 1 50 + 1) - §J (3.13)
and

n

c1 1 — e—2¢c2(t=s) c?
hey (i — yiyt — 5,0) + ———— + t— l—
izl—Il { (@i =y 50) 2o (t — s, ¢9) (Cq 2¢s Pa 3| X 2(q — 1)( )

< ! + “a (R
- 2mo(t — s,¢2) omo(t—s,co) 0 Y 2(g—1)

< (t—s) % {526_;[1+01 (¢s+p3) exp (cﬁ)]}d (3.14)

where we used the fact tha

t %?(:)S) > e~2¢2 in the last inequality.

Theorem 3.6 Define YVt > s,
t
20,z,56 =X + / :U'(ZQ,I,s,u’ u, H)du
S

When |29251 —y| <Vt —s <1,
Kg(t —s)"%

M

< po(s,z3t,y) < Ke(t—s)”

where

o2 e 2
Kg = {62\/_1(2 27rexp( 3¢ ) exp[—2VdKs( \/ v ]} <1

Kr = {m 1+ VK (¢ +0y) exp ((VaK)?)1}

and

V21



Proof Let ;
Xt:$+Wt+/ M(Xuauao)du
S

and let 7, = Xy — 29 4.5+ (V> s). Then

dZt = th + M(Xta t, o)dt - M(Z9,m,s,ta t, e)dt
= dW; + b(Zt, t, H)dt (315)

where b(z',t,0) = (2’ + 295,54, 6,0) — (20,256, t,0). I |y — 295 54| <1, then
b(",1,0)] < Kala'| < Ko(1+ 2" — (y — 2p,2,5.0)])-

Thus we can apply the previous Lemma to P[X; € dy | X, = 2] = P[Z; € d(y — 29,5,54) |Zs = 0]
and get the desired result for ¢; = ¢5 = \/EKQ and a1 = \/g

4 The key lemma

Lemma 4.1

kE—2
Eflexp{~" % [ 001,04+ ) — u(Xe,,0) )
1, 244 K§(k—-2) , [Klg]
< T (A ) () (1 expf -2 B2y (4.16)
where [%] is the integer part of %
3 3

Proof 1) By Jensen’s inequality, for each pair s; < so,

—9 ps2
Eflexp{=" [ In(Xe, 1,04+ ) = (X0, t, Ot} X, )
S1
T 52 k—2 9
< EI / exp{—(s2 — $1) 2 [1(X1s 1,0 + 1) — p( Xy, £, 0)? }t] X, ]
S92 — 81 Jsy k
k 2
= [T expltor =) T a6+ ) — O
p@(slaXsntay)dy}dt (417)

Denote Ay = {y; [u(y,t,0 +u) — p(y,t,0)| < \/*257%|ul}, then we have easily

k—2
/exp{—(82 = s1) g [y 1,0+ u) — u(y, t, 0))*}po(s1, Xoy5t,y)dy

k—2
= /XAt exp{—(s2 = s1) =5~ [y, t,0 +u) — p(y,t, 0))* po(s1, X5, 5t,y)dy

k—2
+/XA§ exp{—(s2 = s1) =5~ [n(y, 1,0 +u) — ply,t, ) }po(s1, X5 t,y)dy



< /XAtPG(SlaXSﬂtay)dy

k—2 59 —s

—i—/XAg exp{—(s2 — s1) 12 [ 1]u2}p9(313X81;tay)dy

k—2 so—s
= ]_—/XAE (1—exp{—(52—51)7[ 2

1]u2}> po(s1, Xs it y)dy

k—2 S9 — 81
< 1—/XACX (1—exp{—(32—31)—[
120, (x0 oo YIS 22520} k?

By Theorem 3.6, when #25% <t — s < sy — sy <1and |z, — y| < /352,

]u2}> po(s1, Xs,5t,y)dy

d
2

Keg(s2 —s1)72 < pp(s1,z;t,y).

Thus when /5%t < K3 and #5% <t —s; <55 — 81 < 1,

k-2
[ expl=(or = 51"y, .0+ w) =y, £,0) palsr, Xty y)dy

(82 — 81)2 (k — 2) 2 _d
1 - /XAcX (1 — exp{— u”} ) Kg(s2 —s1)"2dy
{l2xs, o e —yl<y/ 2522 2 k?

)% (1 — exp{—(s2 _28

IN

IN

1 — Ky

V* (kk_Z 2)u2}> K (4.18)

N | —

where we used Hypothesis (ii) in the last inequality. (4.17) and (4.18) yield

T —2 [ 2
E9 [ [M(Xtatae + U) - M(Xtata 0)] dt}|X81]
S1
1 ez k—2
< — ([ exp{=(s2 = 50) " "y 1.0 + ) — (g 1.0}
59 S1 k
p9(81,X51,t y dy}dt
-2
ot el = o) 2y, 1.0+ ) = o, 6))
pG(SIaXsut y)dy}dt
k—2
< 1—K4K6( )55 (1— exp{— 2K3( e )u2}> (4.19)
2) Now
T k—2 (T -1 2
E0 [exp{— k2 /0 [N(Xt?tvg_’_U’T 2) _:U‘(Xtata 9)] dt}]
(L]
. E—_9 K3 (i+1) K2 B )
< EG [exp{— k2 ; /iK2 [M(Xt,t,0+UT 2)_/1'(Xtata9)] dt}]
[Z1-2
" L n ,
= Hlewt-"g X [, WOto k) p o)



2 K3[-55] 1
E [(Xe, 1,0 + uT %) = p(Xe,t,0)Pdt} X o g %}—1)1} (4.20)

By lexp K251 1)

~

2
3

(4.20) and (4.19) yield
1 (T 1
exp{—5 [ [n(X0st,0 +uT~H) — p(Xs, £, 0)Pdt )]

H-
< Ea{exp{—— Z i (X0, .0 +uT™%) — u(Xy,t,0)2dt}]}
=1
(4.21)

{1 _K4K6(1)2+d (1 _eXp{_%(kk—Z2)u2}>}

Repeatedly applying (4.21) to each i, we get
k—2
Bffespl="22 [ a0 1,0 - 0T H) — u(Xe, 1,002}
0
=1
1 K}
< {1 - Ko () (1 —expf- 2 B2, })}

Moreover, from the definition, it is easy to see that K4 < 1 and Kg < 1. Thus we get the conclusion

JYs

5 Proof of the main theorem
(5.22)

Since My (0) = 1, it is easy to see that
Pl{|0r — 0| >r} < PF{sup Mp(u)>1}.
u|>r

Denote by Z 4 the set of d dimemsional integers. Take k = d + 2

P9 {sup Mr(u) > 1}

|u|>r
1 1 )
< > PQT[M:;”(WJ)ZE]‘FPQT{ sup |
{iezd; Z=j+oeo, |—=jl>r} fu—v|<-VL
1 1 )
< 2 2 Eq (M (—=)]
{i€2%; 7i+0€0, | =il>p}
+2J+2K [2J+1( C{‘*‘l )J+2K[¢)i+2Kl2(J+2)TJ+2+2J+1 1 d+2Kd+2T ] \/é
2(d +2)? (d + 2)d+2 nv'T
_ ~ l[L}
;o5 1 24 K4 d 2y
< oKIndTS {1 — (1 A (K4K, 1 — expf{——23 2
> on 2{ (LA (Ky 6))(2) exp{ (d+2) }
]n*IT(J”)*%J%

- - d+1 5 7 7
202 g [0 ~+ )d+2Kgl+2K12(d+2) n
2(d + 2)?

10



Where the second inequality is by Chebeshev’s inequality and Lemma 3.3 with h = Vi and

nvT
B = . The third one is by Lemmas 3.4 and 4.1. Take n as the integer part of the following value
~ _;[L]
[ 1 24d K4 d 4d K3 -|
1 — (1A (K4K, 1 —exp{——2 r? ,
[{ (LA (Ky 6))(2) ( xp{ (d+2)2 }>} J

which is larger or equal to 1 (Vr > 0). When 7" > 1,

PGT{ sup Mrp(u) > 1}

Ju>r
1 1. 24d K d %J[KL%}
< (2K§ T3 4 KT+ T2 L= (LA (KaKe)) () 1—exp{—73(d 2)27‘2}
+
1 kY d kY d al
_1 2+d 4d
< CHRTE - ar s {1 (LA (KaKe)) () (73@ 2)2T26Xp{_7(ci+2)2 2}>}
1 T
1 12K d K2KY  d adl %z
< (2K0T2 + KgT(@)-3) {1— (1A (KiKs))(5) 73(J+2)2 exp{— 02 3 (J+2)2} 2 ’
T
< (QKgTQ +K8T(d+2) %) {1 —Kgr }4(1[}(%}
Since Kgye*Kgy < e~ !, it is easy to check
1\ 2sa K3 d K2KY d 1
Ky = (1A (KiKg))(5) 7 = = exp{——0 =2 —=——1} < —5
2 2 (d+2) 2 (d+2) 275 eK?

Thus we get Theorem 2.1.
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